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Abstract 

^ I In this paper, we investigate quotients of Calabi-Yau manifolds Y embed- 

ded in Fano varieties X which are products of two del Pezzo surfaces - 
with respect to groups G that act freely on Y. In particular, we revisit 
some known examples and we obtain some new Calabi-Yau varieties with 
small Hodge numbers. The groups G are subgroups of the automorphism 

O groups of X, which is described in terms of the automorphism group of 
, the two del Pezzo surfaces. 
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1 Introduction 

In [13] and [Uj Tian and Yau discover a new Calabi-Yau manifold with Euler 
characteristic equal to -6. Let us briefly explain their seminal example. To begin 
with, they consider the product X of two cubic Fermat surfaces in P^.. Next, 
they pick a smooth hyperplane section Y in X, which is invariant with respect 
to a group G isomorphic to the cyclic group of order three. By adjunction and 
by Lefschetz's Hyperplane Theorem, Y turns out to be a smooth Calabi-Yau 
threefold, i.e., a smooth compact Kahler threefold with trivial canonical bundle 
and no holomorphic p-forms for p = 1,2. The Euler characteristic of Y is —18 
and the two significant Hodge numbers h^'^{Y) and h^''^{Y) are 14 and 23, 
respectively. To reduce to Euler characteristic and the Hodge numbers, Tian 
and Yau take the quotient of Y with respect to G that turns out to act freely 
on it. The quotient manifold Y/G is a Calabi-Yau variety with Hodge numbers 
h^'^ = 6 and h^^^ = 9. 

In recent years, physicists have focused on Calabi-Yau manifolds with small 
Hodge numbers: see, for instance, [2], [4], [3|, [6] and [9]. In fact, imagine to plot 
the distribution of Calabi-Yau varieties on a diagram with variables the Euler 
characteristic x(F) (on the horizontal axis) and the height h{Y) := h^^{Y) + 
h^^{Y) (on the vertical axis). Fix a pair (xoj^o) of positive integers such that 
Xo is even and —2hQ < xo 1^ 2/io. For ho < 30, it turns out that there are 
still a lot of missing examples of Calabi-Yau varieties with Euler characteristic 
Xo and height /iq. The example in |13j is even more significant because the 
Euler characteristic is —6. In general, special attention is given to those Calabi- 
Yau manifolds that have Euler characteristic 6 in absolute value since they 
correspond to three-generation families (see, for instance, [3]). 

Remarkably the example in |13| can be generalized in the following way. The 
two cubic Fermat surfaces are examples of degree three del Pezzo surfaces, i.e., 
smooth surfaces with ample anticanonical divisor which can be obtained as the 
blow-up of at six points in general position. A first generalization in this 
direction was given by Braun, Candelas and Davies in [3]. In that paper, they 
discover a new Calabi-Yau manifold with Euler characteristic —6 and small 
Hodge numbers. They replace the two Fermat surfaces in P^. by two del Pezzo 
surfaces of degree six and come up with a group of order twelve that acts freely 
on a suitable hyperplane section of the product. 

In this paper we generalize the examples mentioned above even further and we 
put them in a more general context. Indeed, let us consider two suitable smooth 
del Pezzo surfaces Si and S'2. The product X is a smooth Fano fourfold, i.e., 
—Kx is ample. In X we pick a smooth threefold Y which is in | — Kx\- As 
pointed out by the example in the Introduction in 11 this requires some work: 
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in fact, for some choice of the two del Pezzo surfaces it is not even possible. 
Moreover, we pick a finite group G in Aut(S'i x 5*2) that acts freely on Y so that 
the quotient variety is a Calabi-Yau manifold. Since the Euler characteristic 
x{Y) is negative, it is easy to verify that the height of Y/G is less than the 
height of Y for any non-trivial group G. Within this set-up, we obtain the two 
examples mentioned above; further, we find new Calabi-Yau manifolds with 
small Hodge numbers. The smoothness and the free action of G on a suitable 
Y are proved as follows. We pick a group G that has only finitely many fixed 
points on X. We decompose the representation of G on H'^{X, —Kx) as a direct 
sum ®Vi of irreducible subrepresentation. We consider a subspace W such that 
for every g £ G and every s G W, g*{s) = XgS for some Xg £ C*, i.e. for 
every g £ G, W is an eigenspace for g* .We pick a section s G W, if there are 
some, so that the corresponding zero locus does not intersect the fixed locus of 
G. Next, we look at the base points of the subsystem W < H^{X, —Kx)- In 
case there are some, we take a generic section and prove that the base points 
are smooth. This is done by direct computation with MAPLE. A Bertini-type 
argument yields the existence of a smooth threefold F in X on which G acts 
freely. 

In Section [5] we present the examples we obtain case by case. Except for the 
last subsection of that Section, all the examples have height less than 20. Un- 
fortunately, we do not obtain any new three-generation manifolds, i.e., a man- 
ifold with |x(^)| — 6. Moreover, in Section [Sj you may find all the exam- 
ples of quotients of Calabi-Yau threefolds Y embedded in Si x S2 by groups 
which are of maximal order. In other words, we take the quotient by a group 
H < Aut(S'i X S2) such that the restriction to Y yields a free action and H can 
not have order greater than the groups used. Finally, we investigate the height 
of the quotient variety. In several cases, we are able to say that the height for 
the quotient threefold is the least possible within this framework. 



The following picture represents the tip of the distribution of the Calabi-Yau 
manifold with respect to the Hodge numbers. The diagonal axis are h^'^{Y) and 
/i^'^(y) whereas the horizontal and the vertical axis are x{Y) and h{Y), respec- 
tively. We plot only the known manifolds with height less or equal than 31. The 
solid dots correspond to quotients found in this paper. The blue rings represent 
the ones known until now (with respect to the data collected in [5], [1], [3] and 
[5]). The black rings are quotients by groups whose order is maximal. From the 
picture below, we can summarize our results as follows. The dots (3,5), (2,7) 
and (5, 13) represent NEW Calabi-Yau threefolds. There exists a Calabi-Yau 
manifold corresponding to the pair (1,5) with non-abelian fundamental group: 
see [4]. Our example in Section 5.1 has abelian fundamental group isomorphic to 
the product of the cyclic group of order two and that of order eight. Moreover, 
we come up with a Calabi-Yau manifold with Hodge numbers (2, 11) (cf. (5.3 1), 
which are the same as those described in |4j. Finally, we construct other vari- 
eties with greater height (see Section 5.6) but they correspond to existing dots 
in the picture below. In all the cases where other Calabi-Yau manifolds already 
exist, it would be interesting to know whether our examples are isomorphic to 
those or not. 
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In some cases, it is not possible to consider non-trivial quotients with our 
method. In fact, we prove, for instance, that there does not exist a Calabi-Yau 
variety which is the quotient by a group of order seven of a smooth anticanonical 
section F in a product of two del Pezzo surfaces of degree two. This type of 
results is collected in Section [6j To prove them, we use the following theorem 
which is proved in Section [7] For this purpose, we first use some Mori theorem 
of Fano fourfolds which are products of two Fano varieties. Second, we also 
recall that for low degree del Pezzo surfaces are toric varieties. Thus, we apply 
a theorem due to Demazure (later generalized by D. Cox in 5j) on the structure 
of the automorphism group of toric varieties. More specifically, the following 
holds (see Section [T]). 

Theorem. Let Si and S2 be two del Pezzo surfaces. Then 

• IfSi^ S2, Aut(5i X 52) = Aut(5i) X Aut(S'2); 

• // S*! 52 7^ X V\ Aut(S'^2) ^ Aut(S')^2 ^ 22; 

• If Si ^ S2 = X V\ Aut((pi)^4) ^ Aut(pi)><4 K S4, where S4 is the 
symmetric group with 24 elements. 

Acknowledgments. During the preparation of this work, we asked some ques- 
tions and suggestions to various people we kindly acknowledge: Alberto Alzati, 
Cinzia Casagrande, Philip Candelas, Igor Dolgachev, Bert van Geemen, Grze- 
gorz Kapustka, Michal Kapustka, Antonio Lanteri and Gian Pietro Pirola. This 
work was partially supported by MIUR and GNSAGA. 
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2 Preliminaries 



We say that a complex surface S* is a del Pezzo surface if it is projective, smooth, 
simply-connected and the anticanonical divisor —Ks is ample. Examples of del 
Pezzo surfaces are blow-ups of the projective plane in a finite set A of < n < 9 
points in general position and x P^. As proved in [7], this list is exhaustive. 
We often write dP^ to mean a del Pezzo surface that is obtained by blowing up 
9 — c? points of P^ that are in general position. Let S = BIa P^- We can identify 
H^{S, ~Ks) with the vector space of the homogeneous polynomials of degree 3 
with variables {xq, xi, X2} such that f{P) = for all P S A. It is easy to show 
that h°{S, -Ks) = d + 1 if 5 = dPd- Moreover, if fc = 9 - d then 

fe 

~Ks ^3tt*H -J2E^, 
1=1 

where H is the hyperplane divisor on the projective plane and the iS^'s are the 
exceptional divisors. Thus, Kg — 9 — k — d. For d > 3 we have that —Ks is 
very ample. For d = 2 the anticanonical system | — Ks\ gives a 2 : 1 map of S 
in P^ branched along a smooth quartic. For d = 1 the anticanonical model of S 
is a finite cover of degree two of a quadratic cone Q ramified over a curve B in 
the hnear system |C'q(3)|. 

Suppose that F is a Calabi-Yau threefold and that G is a group that acts freely 
on Y. Then it is well known that the quotient Y/G has a canonical complex 
structure such that the projection on the quotient is holomorphic. Furthermore, 
the quotient map is a local isomorphism. 

Theorem 2.1. If the action ofG is free thenY/G is also a Calabi-Yau threefold. 
Moreover, the quotient is projective. 

Proof. Take g £ G \ {Id}. The manifold y is a Calabi-Yau threefold, so 

h^fi{Y) = h'^'^iY) = 0, h^'°{Y) = 1. 

There exists uj G H^''^{Y) such that ujp ^ for all P G y (this is equivalent to 
Ky = 0). We want to show that g*uj — uj. The maps 

g* : HP'°{Y) W'-^iY) 

are zero for p = 1,2 whereas for p — Q, g* is the identity. We apply the 
Holomorphic Lefschetz Fixed Point formula, which in this case reads as follows: 

= 1-0 + 0- Tr(g* : H^-"{Y) — > H^^°{Y)). 

Since h^''^{Y) = 1 (F is a Calabi-Yau manifold) we get g* = Id for p — 3 and 
for all g E G. Thus the action of G on H^-'^{Y) is trivial. We have the following 
isomorphism (|1], p. 198): 

W'-^iY/G) ~ i7P'«(y)^; 

hence H^^^{Y/G) ~ H^^^iY)^^ = H^^^{Y) and there exists a holomorphic 
3— form UJ on Y/G such that 7r*(I; — uj and, as tt is a local isomorphism, 
ojp 7^ for all P e Y/G. This is equivalent to Ky/o = 0- Finally, using 
hP^°{Y/G) = hP'°{Y)^ one has h^'°iY/G) = h^'°{Y/G) = and this concludes 
the proof. As for the projectivity of Y/G, see, for example, ^U^, p. 127. □ 
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We will adopt the following framework. We will take two del Pezzo surfaees 5*1 
and S2, their product X = Si x S2, which is a Fano fourfold, and a smooth 
element y of | — Kx \ ■ 

First of all, wc will define a number M (81,82) which bounds the maximum 
order of a finite group acting freely on Y and which depends only on the degree 
of Si and 82- 

Definition 2.2. Let M{8i,82) to be the positive greatest common divisor of 
x(y)/2 and x{—i*Kx)), where b:Y ^ X is the embedding ofY in X. 

Notice that if F C 5*1 x S'2 is a Calabi-Yau threefold and G is a finite group 
that acts freely on Y, then \G\ divides M{8i,S2)- 

With the definition of M(S'i, ^2) in mind, we will search for a group G with the 
following properties: 

(a) G is a subgroup of Aut(S'i x 82); 

(b) \G\=M{8i,S2). 

Note that if Fix(G') C X contains a curve L, by the Nakai-Moishczon criterion 
of ampleness, —Kx ■ L > 0, and since Y = —Kx we will have some fixed points 
on Y. Hence it's necessary to choose groups whose action on X has at most a 
finite number of fixed points. 

Finally, Let m{Si,S2,Y) be 

max{|G| I g{Y) =Y Mg eG and satisfies (a) and (h)] . 

We anticipate that there are cases in which M{8i,S2) > 1 but the only group 
with these requests is the trivial group (that is m{Si,S2, Y) = 1 for all Y). 

3 Necessary Conditions 

Assume that 81 and ^2 are smooth projective surfaces and F is a Calabi-Yau 
threefold embedded in X = 81 x 82- Then the following result holds: 

Theorem 3.1. The Euler characteristic ofY is 

-'^KlKl. 

Proof. By the exact sequence of vector bundles 

Q^Ty ^Tx^ Ny/x 
and, as y is a Calabi-Yau manifold ( which implies ci{Y) =0), we have: 
(1 + C2{Y) + cs{Y)) ■ (1 + ci{Ny/x)) = + ci{X) + C2{X) + cs{X) + c^iX)) 
and, in particular, 

CiiNY/x) = L*CiiX), C2iY) = i*C2iX) and 

C3{Y) = i*C-iiX) - C2{Y)ci{Ny/x)- 
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Using the fact that X is a product of surfaces we have 

Ci(X) = Ci(^i) + Ci(52), C2{X) = C2(5i) + 02(^2) + Ci(5i)ci(52) 

and 

C3(X) = C2(5l)ci(52) + C2{S2)Ci{Si). 

Hence, by the identification H^{Y,Z) ~ Z, we have 

C3{Y) = L*ic3{X) - C2{X)ciiX)) = C3(X)ci(X) - C2(X)ci(X)2 = 
C2(5l)ci(52)'+C2(^2)ci(5l)2-C2(5l)c?(52)-C2(52)ci(5l)2-2ci(5i)2ci(52)' = 

□ 

Now, assume 1" is asmooth ample divisor in X. Thus, the following isomor- 
phisms hold: 

H^{Y,Z) ~ H^{X,Z) ~ H^{Si,Z)®H^{S2,Z). 

For any divisor class D e H'^{Y/G,Z) denote by Di and D2 divisors classes 
such that Tr*{D) — Di + D2, where tt is the projection of Y onto the quotient. 
Finally, we denote by Ki the divisor classes such that Kx — Ki + A'2. Then 
the following holds. 

Theorem 3.2. Let G be a group that acts freely on Y . Then for any D G 
H'^{Y/G,'Z) and Di, D2 as above, we have 

. . ^ DiD2{DiK2 + D2Ki) _ xiOs,)K2D2+x{Os,)KiDi 
' 2\G\ \G\ 

Proof. We recall that the Riemann-Roch formula for the Calabi-Yau threefold 
Y/G is 

C2(Y/G)D 
' 6 12 

The action of G is free, hence 

\G\D^ = TT*{Df and \G\c2{Y/G)D = C2{Y)tt* {D). 

This yields 

7r*{Df = {Di + D2fici{Si) + ci(^2)) = 
= 3DlD2Ci{S2) + iDiDlci{Si) = -3i?ii?2pii^2 + ^2i^i). 
In a similar way, we obtain 

C2[Y)^*{D) = -ixiSi) + Kl)K2D2 - [x[S2) + KI)K,D,. 

Merging these results and using Nother formul£[^ we complete the proof. □ 
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We focus our attention on a particular divisor on the quotient: a divisor D 
such that Tr*D — —t*Kx —■ Such a divisor always exists because the canonical 
divisor is G-invariiant for any gruoup of automorphisms G. We can specialize 
the previous formula for nD obtaining 

\G\ + |G| " \G\ 

Hence \G\ has to divide xi^nt* Kx) for alj^ri. We can obtain a similar condition 



using Theorem 3.1 the Euler characteristic of the quotient Y/G of 1^ by a finite 
group G that acts freely is the Euler characteristic of Y divided by the order of 
the group. Moreover, it is known that a Calabi-Yau threefold has even Euler 
number so we obtain that \G\ must divide x(y)/2. This gives a motivation to 
Definition [m 



The following table gives the values of M{Si,S2) for every distinct values of 
degrees of Si and 5*2, with and 5*2 del Pezzo surfaces - distinguishing the 
case dPn and x pi. 
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For example, ii X = dP2 x dP^ {M{dP2, dP^) ~ 1) it isn't possible to find a pair 
(r, G) with Y embedded in X and Id 7^ G < Aut(r) that acts freely on Y. If 
we choose X = dP^ x dPs {M{dP^,dP^) = 5) a pair (y, Z5) with Z5 without 
fixed points might exist. 



The self-intersection of —Kg, where 5 is a del Pezzo surface, is positive and is 
equal to its degree and this, using Theorem 3.1 means that xO^) < regardless 
of the choice of which surfaces we are using. Therefore, by recalling that the 
action of G is free, we have that the height h := h^'^ + h^'^ of Y and that of 



^One could easily check that 

|G| divides xi-nL*Kx) Vn e Z |G| divides xi-i-'^x)- 
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Y/G satisfy the following inequality: 



h{Y/G) = h^'\Y/G) + h^'^{Y/G) 



2/ii'i(r/G) 



X{Y) 



2\G\ 
\X{Y)\ 



< 



2h^^\Y) + 



2\G\ 
\xiY)\ 



h{Y). 
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By finding a group whose order is maximal - and such that the dimension 
h^'^{Y)'^ of the invariant part of H^'^{Y) is the smallest possible - we obtain 
the least possible height for the quotient. 

In the following sections we give some examples (both known and new) and 
some results of non-existence. 

4 Known Examples 

With the following examples we revisit some known examples in the framework 
presented. The first one is due to Braun, Candelas and Davies and can be found 
in [3] . The second one is due to Tian and Yau and is presented in [13] and [13] . 

4.1 dPQ X dPQ with maximal order 12 

There is a unique del Pezzo surface of degree 6 and this surface can be obtained 
as the complete intersection of two global sections of Op2xp2(l,l). Explicitly 
we can take S to be the surface in x given by the equations 



where Xij is the j-th coordinate on the i-th copy of P^. In this way, S is the 
surface obtained by blowing up the points Pq = (1 : : 0), Pi = (0 : 1 : 0) and 
P2 = (0 : : 1) of P^ and the exceptional divisors Ei are given by 

Eo :== V{xii,Xi2,X2o),Ei V(a;io, a;i2, xsi) and E2 :== X^(a;io, X22). 

We define Si = S2 = S and embed X — S x S in (P^)** using Xio, xn and Xi2 as 
projective coordinates of the th P^ for i = 1,2, 3, 4. Let P be the point 

P := {{xio, 2:11, X12), {x2a, a;2i, 2:22), {xso, 0:31, X32), (a;4o, 2:41, a;42))- 

Consider the automorphism of X defined by 

53(^') = ((3^12 : Xio : Xn), (2^22 : 2:20 : X21), {x^i : X32 ■ X30), (X41 : X42 : 0:40)) 

g4{xi,X2,X3,X4) = (x4,X3,Xi,a;2). 

It is easy to check that = g| ~ Id and 54.93 = .93.94 hence 



/ a;ioX2o - a;iia;2i and .9 = a;ioa;20 - 2:12X22, 



G =< 93,94 >^ Z4 K Z3 :=: Dic3, 
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which is called the dicyclic group of order 12. The set of the fixed points Fix of 

G is given by the union of 

Fix(53) = {(gi,(32) I Qi,Q2e{(l:a:a2)x(l:o2:a) | = l}} 
and 

Fix(.g2) = {(T X T X X Q | T, g e {(1 : ±1 : ±1)}} 
so we have a total of 25 fixed points. 

We are looking for a global section s of Ox{—Kx) that is G— invariant and 
whose zero-locus V{s) is smooth and doesn't intersect Fix. We have an exact 
sequence 

^< /, 5 71° X 0(1, 1)) ^ ijO(S', -Ks) 

with the surjection given by the inclusion i : S" — >■ x P^. Hence, we have a 
surjection 

^^0((p2)^ o{i, 1, 1, 1)) ^ H%x, -Kx) 

with kernel given by 

< > -//"((pY, 0(0, 0,1,1))+ < /2,52 > •^^°((p2)^ 0(1,1,0,0)). 

The representation of Dies in H^{X,—Kx) — C^^ has an invariant space 
H^{X, —Kx)^ of dimension 5. By direct inspection, we have checked that the 
generic invariant section s doesn't intersect Fix and is smooth. Then Y = V{s) 
is a Calabi-Yau threefold with a free action of Dic3. 

If we call R the representation of Dica in H'^(Y,<C) ~ H'^[X,<C) given by Qi ^ 
g* e GL(if2(X,C)) ~ Gh{H'^{S,C) 8 H'^{S,C)) ~ GL(C«) we have 



Riga) *^ A3 := 



■ 


1 

















■ 








1 

















1 
































1 
































1 

















1 


























1 





























1 



and 



R{g4) *^ A4 := 















1 








" 

















1 


























1 


























1 





-1 


-1 


-1 














-1 





-1 


-1 














-1 


-1 





-1 














1 


1 


1 


2 















where we used the base 

{Hi,Eio, Eii,Ei2, H2, E20, -E21, ■E'22} 
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where tt*{Ej) = and n*{TT*H) = H,. Hence dimF^(y,C)^ = 1, so we 



have h^-^{Y/G) = 1. By Theorem 3.1 we know that xiY) = -72 and then 



x(y/G) = —6 because the action is free. In conclusion, you find below the 
Hodge diamond of Y/ G 



where h{Y/G) = 5. Note that, because h^'^{Y/G) — 1, this example achieves 
the minimum of the height for the quotient Y/G, where G is isomorphic to the 
Dic3 and Y is as above. It is interesting to note that taking 

g'siP) = ((2^12 : xio : xii), {x22 ■ X20 ■ X2i), ix32 ■ X3Q : a;3i), (X42 : 3^40 : a^4i)) 

the group G' spanned by and g'^ is cyclic of order 12 and a generator is 
(73(74 := gi2. Following the same argument as the previous case it can be shown 
that exist a Calabi-Yau Y such that G' acts on Y freely. The quotient Y/ G' is 
hence again a Calabi-Yau and has the same Hodge diamond as Y/G. However 
these two manifolds aren't even diffeomorphic because Hi(F/G) ~ G ~ Dica 9^ 
Zi2~G'~Hi(r/G'). 

4.2 dPj, X dP'i with maximal order 3 

Suppose Si and 6*2 del Pezzo surfaces of degree 3. Then —Ks^ is very ample and 
gives an embedding in . The surface obtained is a cubic (is called anticanonical 
model of Si) and all smooth cubic surfaces in P"^ can be obtained in this way. 

Set /i :— + x\ + + x'l and /2 := 2/o + J/i + 2/2 + 2/3 and consider the Fermat 
surfaces Si := V{fi). Denote, as usual, X = 5i x 6*2 C P^ x P^ and consider 
the automorphism given by 

•^{x, y) = {{xi : X2 : xo : wxs), (yi : y2 ■ Vo ■ ^^Vs)) 

where w 7^ 1 is a fixed root of z'^ ~ 1. The group G =< (p > is cyclic of order 3; 
hence we have 

Fix((^) = Fix(G) = {((1 : a;2 : : c), (1 : w : ^2 : d)) \ cf = = -3} . 



There is an isomorphism 

ij0(p3 X p3, 0(1, 1)) ~ H°{X, -Kx) 
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so we have to study the polynomial of bidegree (1,1)- The action of Z3 on X 
gives a representation of Z3 in H'^{X, —Kx) and a basis for the invariant space 
is {Go, Gi, G2, G3, G4, G5} where 

Go = wxayo + w^xayi + 2:3^2, Gi = a;^xo?/3 + wxij/s + 2:22/3, 

G2 = xo?/! + xiy2 + x2yo, G3 = xo?/2 + a;iyo + 2^2yi, 

G4 ^ xqUo + xijji + X2y2 and G5 = x^ys. 

By direct computation, one can check that the generic section s doesn't intersect 
Fix(Z3) hence the action of G restricted to V{s) is free. For example, taking s 
to be G4 + G5 = xoyo + xiyi + X2y2 + x^y^ gives a section whose zero locus Y 
is smooth and Y D Fix(Z3) is empty. 

Assume ip e Aut(5i) x Aut(S'2) with o{ip) ~ 3. By the Lefschetz fixed-point 
theorem, one can show that 



h^'\Y)' 



(x(Fix(7ri o ip)) + x(Fix(7r2 o ip))) , 



where nt : X ^ St is the projection onto the i— th factor of the product X. 
In fact, by Lefschet's Hyperplane Theorem, the group H^'-^{Y) is isomorphic to 
H'^{X). The dimension of the space of invariants with respect to G is equal 
to the traces of the homomorphisms induced on the second cohomology group 
of A" = 5i X 5*2 by the elements of G. By linear algebra and the Kiinneth 
formula, the traces on the cohomology groups of the product X is the sum of 
the traces on the cohomology on the factors H^{Si) for i = 1,2. These traces 
can be computed via the Lefschetz fixed-point Theorem. In this case we obtain 
h}^^{Y/G) = 6. The same number could be obtained by studying the invariant 
space of H^(A, C) with respect to the representation of Z3 given by 



where Ai and A2 are respectively 
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By Theorem 3.1 we have xiY/l^z) = —18/3 = —6; so the Hodge diamond of the 
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quotient is the foolowing one 

1 


6 
19 9 1 
6 

1 

In particular the height is h{Y/'L^) ~ 15. 

As shown in 7 , up to isomorphism of P^, there are 3 possible pairs (/, G) where 
/ is a homogeneous polinomial of degree 3 and G is a group fixing / of order 3. 
One can show that Fix(/) is either one of the following: 3 points or 6 points, 
or one line. Thus, the least value that can be assumed by x(Fix/) is 3 if we 
exclude the case with one line of fixed points. Hence, the example presented 
here achieves the minumum for h{Y/G). 

5 New Examples 

We present some new examples. 

5.1 (P^ X pi) X (pi X pi) with maximal order 16 

Take 5*1 = 52 = x P^ and define X to be Si x 82- We begin to search for a 
group H < (Aut(pi))4 K 54 < Aut(X) such that \H\ = 8 and |Fix(i7)| < 00. 
Moreover, we want a section s that is an eigenvector for the action of H on 
H'^{X, —Kx) and does not intersect Fix(J?). After that, we try to extend H to 
a group of order 16 with the same properties. 

Let g £ (Aut(P^))^ k ^4 be an element of finite order. Without loss of generality, 
we can take g of the form 

^°"^=((J "4))°" 
where a e ©4 and £ C* for i — 1,2, 3, 4. 

If the order o{g) of g is 2, we can choose cr £ {Id, (12), (12)(34)}. An easy check 
shows that 

{ix:y),{x:a2y),il:0),{l:0)) 

is a line of fixed points if cr = (12) or cr = (12) (34); so we must take cr = Id. 
The only possible case is aj = — 1 for which 
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and 

Fix(52) = {(Pi,P2,P3,P4) I P. e {(1:0), (0:1)}}. 

If o{g) = 4, we can take a S {Id, (12), (12)(34), (1234)}. The automorphism 
a cannot be a permutation of order 4. In fact, in this case would have a 
fixed Hne, as previously showed. Then, we have Fix{g) C Fix{g^) = Fix{g2)- 
Suppose cr = Id or cr = (12) and consider an eigenvector s G H^{X, —Kx) — 
Ox(2,2,2, 2)(X). The condition o{g) = 4 is then equivalent to a| = 1 for 
cr = Id and a\a\ = a| = a| = 1 for cr = (12). Necessarily g satisfies g^ — g2 
and this implies respectively aj = —1 and 0102 = a| = al = — 1. One can see 
that for all P G Fix((72) there exists a unique element of the usual basis of 
Ox (2, 2, 2, 2){X) such that ei{P) ^ 0. For example, we have 

x^X2X-iXi\{i.,^i)i = 1 and a;ia:2a;3y4|((i:0)3,(0:i)) = 1. 

Then s has to be an element of the eigenspace of both x\x\x\x\ and x\x\x\y\^ 
but these have different eigenvalues ( 1 and a\ ~ ~\ respectively) so s = 0. 
Suppose that a = (12)(34). The conditions o(g) = 4 and g^ = 52 show that g 
has to be of the form 

for some 03, 04 e C*. 

Finally, take g to be an automorphism of order 8. Then cr has to be a per- 
mutation of ordei[^4. For example, pick cr = (1324) (that gives the following 
conditions on the a^'s: aia2a3a4 — —1) and let ai — a2 — = —04 = 1. A 
basis for H^{X, —Kx) is given by {ei, . . . en}, where 

ei =x\x2y2ylxAyA + a;iyia;2a;3y3y4 - xiyiylxlx^y^ + ylx2y2X'iyzxl, 

62 ^xlx2y2X3y3yl - xiyixlylxAyi + xiyiylx^y^xl + ylx2y2xlx4y4, 

2222, 2222, 2222, 2222 

63 =x^y2X3y4^ + x^y^y^x^ + 2/1X2X32/4 + 2/1X22/3X4, 

64 = - xlylx^yiXiyi + xi 2/1X22/2X32/! - xi2/iX22/22/3a;4 + 2/1X2X32/3X42/4, 

_2222, 2222, 2222, 2222 
e5 — X1X2X32/4 -|- X1X22/3X4 -|- X12/2X3X4 -t- 2/1X2X3X4, 

66 =XiX22/2X3X42/4 + X1X22/2X32/3X4 - X12/1X2X3X42/4 + X12/1X2X32/3X4, 

_ 2 2 2 2 

67 — X1X2X3X4, 

es ^ylylylvl. 

2222, 2222, 2222, 2222 

69 =xi2/22/32/4 + yiX2V3.yi + 2/12/22^32/4 + 2/12/22/32^4, 

2222, 2222 
eio =XiX22/32/4 +2/1 2/2 2^3 2^4 > 

en =xi2/i2/|x32/32/4 - 2:i2/i2/i2/32;42/4 + ylx2y2X3y3yl + ylx2y2ylxAyA- 

^By this result, one can show that an element of order 16 cannot exist in (Aut(P^))'' K S4 
with the request we made. In fact, if such g existed, would have order 8 and g^ = 
(Ai, j42, A3, ^44) o (T^ with cr^ permutation of order 4. This is not possible for an element of 
64. 
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Now, we try to extend the group H . Define h to be the hivolution of (P^)^ such 
that 

{xi : Vi) I — > (jji : Xi). 
An easy check shows that gh — hg and that the foUowing hold: 

Fix(;i) = {((l:±l),(l:±l),(l:±l),(l:±l))} 

and 

Fi^ig^h) = {((1 : iz), (1 : ±z), (1 : ±z), (1 : ±z))} . 

For every k ^ 0,4 we have (g'^h)^ — g'^^h'^ — g"^^ so Fix{g''h) C Fix(5^) = 
Fix((72)- This means that, defining G to be the group generated by g and h, 
Fix(G) is a finite set composed of 48 points and G ~ Zg x Z2. 



If we take 

11 

s = y ^ CiCi 

i=l 

and impose both s{P) = 1 for ah P e Fix(g) and h*{s) — s, we have the 
fohowing conditions on tlic Cj's: 

G3 = G5 = C7 = Gs = Cg = Gio — 1, Gi — C2, Gil = Gg, G4 = 0. 

By evaluating at the other fixed points, we obtain 4 different non identically- 
zero linear-combinations of the G^'s; so the generic invariant section does not 
intersect Fix(G). For example, the section obtained by taking Gi = 1 and 
Ge = 2 fulfills all our requests. Moreover, it is smooth, so there exists a group 
of order 16 = M(pi x pi,pi 
embedded in (P^)*. 

The representation of G on H^(Y, C) is given by 



that acts freely on a Calabi-Yau threefold 



9^ g 



1 
10 
10 
10 



and h 1— !■ h* 



10 
10 
10 
1 



so both h and g^ are trivial on H'^{Y, C) = H'^{¥\C) 
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This action has then a unique fixed class in H^{Y, C) (the sum of the four P-'^'s). 
By Theorem 3.1, we have x(F/G) = —128/16 = —8, so the Hodge diamond of 
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the quotient Y/G is tlie following one: 

1 


1 
15 5 1 
10 



1 

In particular, the height is 6 and it's the least possible for a quotient of a 
Calabi-Yau in (pi)^ because h^^^{YlG) = 1. 

5.2 (iP4 X dPi with maximal order 8 

As proved, for instance, in [7], every del Pezzo surface of degree 4 can be obtained 
as a complete intersection of two quadrics of P''. Moreover, one can choose the 
equations to be of the form 

i-) c-\ c-\ r\ c-y cy cy ry cy (y 

J — Xq+Xi+X2+x^ + x^ and g = a^x^ + aiXi + 02X2 + a-iX^ + 04X4 

where 7^ G C for i ^ j. We choose 

_ 2 -2 2 , ■ 2 

(j — %X-y X'2 ~r ^-^3 

and Si ~ S2 — S — V{f,g) C P"*. Let r be the automorphism which sends 
{x, y) to the point 

{{xq : xi : -X2 : 2:3 : -^4), (yo : yi : -y2 ■ ys : -^4)) ■ 

Denote by t the automorphism which sends (x, y) to 

((yo : yi ■ -y2 : -ys : y4), {xo xi X2 ■■ X3 X4)) ■ 

Consider the groups H —< r, >~ Z2 x Z2 and G t >~ Z4 x Z2. 

By adjunction -Ks,y.s, ■= -Kx ^ Ox (5, 5) ® Ox (-4, -4) = Ox{l,l). The 
morphism l : S x S — > P^ x P^ induces an isomorphism 

L* : H°{P^ X P^ 0(1, 1)) -^H"{Sx S, Ox{l, 1)); 

so we can use 

{^iyj}o<i.j<4 

as a basis of the space of sections of the anticanonical bundle. It is easy to see 
that the vector space V spanned by 

{xoVo, xiyo, xoyi,xiyi,X2y2,X3y3,X4y4} 
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is such that for all h E H and for all s E V, h*{s) = As for some A S C*. By 
taking the generic section s GV and imposing r*s = t*s = s (so that for every 
automorphism g of G, V is an eigenspace with respect to g*), we obtain 

s = Aixayo + A3?yo-Ti + A3-To?yi + AiXiyi + ^7x42/4, 

where Ai € C. Let a and b be fixed roots of 2z'^ + 1 + i and 2z'^ + 1 — i, 
respectively. Then 

Fix{r) = {(P, Q)\P,Q &{{l:±a:0:±b: 0)}} 

Fix{t'^) = {{P, Q)\P,Q€ {{±a : ±6 : : : 1)}} 

and 

Fix{rt^) = {{P, Q)\P,Qe {{±b : 1 : ±a : : 0)}} . 

To look for the fixed points of G it suffices to know the fixed points of r, and 
rt^. In fact, the following holds: 

Fix(<3) = Fix(<) C Fix(t2) = Fix((rt)2) D Fix(ri) = YSyi{rt^). 

An easy check shows that for generic values of Ai, A3, and A7, the section s 
does not intersect Fix(G). 

We can check directly that the section corresponding to Ai = 1, ^3 = —2, A4 = 
3 and Ay = 1 is smooth and doesn't intersect Fix(G); so there exists a Calabi- 
Yau threefold Y embedded in x ^2 with Z4 x Z2 acting freely on Y. 

We don't have an explicit description of a basis for Pic(F) = Pic(S'i)®Pic(52) — 

Z^^, but we can use the Lcfschctz Fixed Point fomula to get the traces we need 
to compute h^'^{Y)'^ . For example, notice that r = ri x with G Aut(S'i); 
so the trace of r* : H'^{Si x ^2, C) ^ H'^{Si x ^2, C) is equal to the sum of the 
traces of 

r* : H\S„C) ^ H\S„C). 

By recalling that 

16 = x(Fix(r)) = x(Fix(ri x r2)) = x(Fix(ri))' 

and by Lefschetz Fixed Point formula, we have 

Tr(r*) = Tr(rt) + Tr(r^) = x(Fix(rt)) - 2 + x(Fix(r^)) - 2 = 2(4 - 2) = 4. 

With the same method we obtain Tr((r)2) = Tr(r*(r)2) = 4. We can write t as 
{ti X ^2) ° cr where a is the the permutation of the two copies of 5*. Hence t* will 
swap H'^{Si) and if^(5'2) in the sum H'^{Si) © H'^{S2) and this means that its 
trace is zero. In the same way we obtain Tv{{t*f ) = Tr(r*t*) = TT{r*{t*f) = 0. 
Merging these results and recalling that x(^) = ~32, we obtain 

12 + 4 + 4 + 4 + + + + ^3 ,.,^y/G) = 5 
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so the quotient has the following Hodge diamond 

1 


3 
15 5 
3 

1 

In particular, the height is 8. 
5.3 X with maximal order 9 

Let (a;o : Xi : X2) and {yo : yi : 2/2) be the projective coordinates on the two 
copies of and set a = e^'^'/^. Consider the automorphism of x := X 
defined by 

g := {xo : axi : 0^X2) x (yo : ayi : 0^2/2) := gi x 52 

and 

h := {xi : X2 : xq) x {yi : j/2 : yo) := hi x /12. 
It is easy to show that the group G generated by g and h is isomorphic to 

Z3 x Z3. 

Moreover, it is easy to see that 

Fix(G) ={Fix{gi) X Fix(c/2)) U (Fix(/ii) x Fix(/i2))U 

(Fix(5i/ii) X Fix(52/i2)) U (Fix(52/ii) X F]x{glh2)) 

where 

Fix(5i) = {(l:0:0),(0: 1:0), (0:0:1)} 
Fix(/ii) = {(1 : 1 : 1), (1 : o : a^), (1 : : a)} 
Fix(5i/ii) = {(1:1: a^), (1 : 1), (a^ 1 : 1)} 
Fi^ig^hi) = {(1 : 1 : a), (1 : a : 1), (a : 1 : 1)} . 
Consider the following global sections of Op2(3) = —Kr2: 

^ifi = Xo + a?^x\ + a^X2 ej,i = XqXi + a?''^x\x2 + a^XQX2 
e-i,2 = xqxI + a^'^xixl + 0*^0X2 cq = X0X1X2 

Then g*{eij) = a^Cij, h*{eij) = a'^Cij, g*{eo) = h*{eo) = eo; hence 

{eo, ei,j}o<jj<2 

is a basis of H^{¥'^, Op2(3)) composed of eigenvectors of both g* and h*. Since 
H%X, -Kx) 0^ i?°(p2, -ifp2) o if0(p2, -Kp2), 
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a basis for the space of invariant sections is given by 

{eii,ji O ei^J^}^^^^^-^Q ■^^J^-^Q U {eo eo,o, eo,o O cq, eo O cq} . 

By direct computation, we can show that the generic invariant section doesn't 
intersect Fix(G). Moreover, the system \H^{X,—Kx)'^\ is base-point free. By 
Bertini's Theorem, the generic section is smooth. Hence there exists a Calabi- 
Yau threefold Y embedded in x equipped with a free action of G. 

The space H^{X,Z) is free of rank two and is generated by nlH and H 
where < H >= H'^{¥'^,Z). Every automorphism of P^ fixes H, so H'^{X,C)^ = 
H^{X,C). This implies that the following is the Hodge diamond ofY/G : 

1 


2 

1 11 11 1 

2 


1. 

Its height is 13. An clement g e Aut(p2 x P^) = (Aut(p2) x Aut(p2)) x Z2 
of order 3 has to be of the form g = gi x g2 with gi G Aut(P^). This means 
that H'^{X,Z)<3> = H'^{X,Z) and thus the minimum for h{Y/G) is achieved 
by this example. 

5.4 dP^ X dPs with maximal order 5 

Fix Pi = (1 : : 0), P2 := (0 : 1 : 0), P3 (0 : : 1) and P4 := (1 : 1 : 1) in P^. 
Let S be the unique del Pezzo surface of degree five. It is well known that the 
automorphism group of S is isomorphic to the symmetric group of order 120. 
The sections of Os{—Ks) are the cubics through the points P, for i = 1,2, 3, 4. 
Hence a basis of H^{dP5, —Kdp^) can be taken to be 

yi := xlxi - X0X1X2 y2 ■■= xlx2 - X0X1X2 
ys := xlxo - X0X1X2 2/4 := xlx2 - X0X1X2 
2/5 := x^xo - X0X1X2 ye ■= x^xi - xqXiX2 

where xq,Xx,X2 is a system of homogeneous coordinates on P^. Consider the 
following transformation T on the projective plane, namely: 

(xo : xi : X2) H> (a;o(a;o - X2) ■ Xo{xo - Xi) : {xq - xi){xo - X2))- 

It is easy to check that T acts as automorphism of S and its action on H°{S, —Kg) 
is determined by 

2/1 1-^2/1 2/21-^2/1+2/5- 2/2 

2/3 H> 2/2 2/4 2/2 + 2/3 - 2/1 

2/5 I-*- -2/6 + 2/5-2/2 2/6 H> -2/4 - 2/1 + 2/3- 
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It's easy to see that the order of T is five thus G .=< T > is isomorphic to 
Z5 . Let us now consider the action of G diagonaUy on X = S x S. We wiU use 
xo, xi, X2 and zq, z\, Z2 as projective coordinates on the two P^'s we blow up to 
obtain the two copies of S. There is an action of G on H'^{X, —Kx)- Let lu 
be a primitive fifth root of unity. The space of invariants under this action is 
generated by the foUowing polynomials, namely: 

= xi3Xi(xo - X2)zoZi{zo - Z2), 
/i52 = xaXi{xo - X2)z2{zi - Z2){za - zi), 

/2S'l = X2{xi - X2){xo - Xi)zoZi{zn - Z2), 
1292 = X2{X1 - X2){xo - Xi)z2{zi - Z2)(zo - 2l), 
hik4, ^.2^3, ^3^2, /l4fcl, 

where we set: 

hi^ (1 + u^)yi + (a;3 - uj^)y2 + (-2 - uj - uj^ - uj^)y3+ 
h2 = -{uj + uj^+ uj^)yi + (1 + 2cj + cj2 + u;3)j/2+ 

+ {UJ^ - l)?/3 + 2/4 - (1 + W + + a;3)y5 _ a;2yg^ 

/i3 = (1 + + (-2a; - 1 - - uj'^)y^ + (cj^ 1)^3 + y^+ 
+ujy5 - uj^ye, 

h4= yi + (w^ - l)y2 + {^^ - 1)2/3 + (1 + ^2 + u})y4 - (uj + uj^)y5 + 

and ki — hi{zQ, zi, Z2). It is easy to check that hi are eigenvectors with eigen- 
value with respect to the action of T on H'^{S, —Ks). 
Let 

S := ^l/l.gi + ^2/lff2 + ^3/2.91 + ^4/252 + A5hik4 + ^5/12^3 + ^7/^3^2 + ^8^4^! , 

(1) 

where Ai are complex numbers not all of which are zero. For any choice of the 
Ai^s we get a section in H^{X, —Kx) which is invariant with respect to G. 

The transformation T acts with fixed points on X. They are given by 

(l:l/(l + p):l-p) 

where p satisfies the degree two equation + p — \ = Q and thus there are 
four fixed points on X. Note that, by the Lefschetz Formula this is the least 
number of fixed points one could obtain. By a suitable choice of the AiS, we 
restrict to the locus E such that the sections s in ([T]) do not pass through the 
fixed points above. It is easy to see that E is not empty. For s e E the set of 
zeroes Y = V{s) is thus invariant with respect to the free action of G on it. 

Now, we look for base points of the system above. First, we look for solutions 
on X P^ of the equations 

hgi = /l52 = /2.gi = 72,92 = hiki = /l2fc3 = /l3fc2 = h^ki 0. 

Next, we recall that 5 is obtained from P^ by blowing-up the points Pi. After 
some computation we show that there are 20 base points. 
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For each of the base points we checked if they are smooth or not for the generic 
section. This is true if we restrict to an dense open set of P'', where s 
are interpreted as a homogeneous system of coordinates. For example, let us 
take the point 

that is the point whose projection on 5*1 is the point (1 : 1) on the exceptional 
divisor associated to (1 : 1 : 1) and whose projection on 52 is (1 + o;^ + w'^ : 1 : 
+ Lu^). We first make the substitution xq = wq + wi, xi = wi,X2 = wi + W2, 
so the point (1 : 1 : 1) is mapped to the point (0:1:0). Next we work in the 
local chart where the second coordinate is nonzero. Let {{u,v), {I : to)) be the 
coordinate on blow-up. Since to 7^ 1, we can consider affine coordinates f , / and, 
by the equation of the blow-up, u = vl. Thus, we evaluate all the polynomials 

/l5l,/l.92,/2.gi, 7232, /ilfc4,/l2^3, ^3^2, ^1^4 at Wq = vl,Wi = l,W2 = V. Wc 

divide by v and then take the derivatives with respect to v,l, zq, zi, Z2. These 
must be evaluated at I = l,v = and zq = 1 + u)'^ + lu^, z\ = 1, 22 = + w"^. 
Doing so yields conditions on the A^'s. These conditions define the equations 
of a closed set, the complement of which is the non-empty open set SI. The 
intersection of SI and S yield an open set which contains sections s which are 
invariant with respect to G, do not pass through fixed points and such that (s = 
0) is smooth at the base points. By Bertini's Theorem a generic element of fin S 
is smooth. This yields a Calabi-Yau manifold YjG with Euler characteristic 



-10. As in section 5.1 we compute h^'^{Y jG) using the Lefschetz Formula and 
we obtain K'-^iJlG) = 2. Then }?-^{YlG) = 7 and the Hodge diamond is the 
following one: 

1 


2 
17 7 1 

2 

1 

Note that YjG realize the minimum for the height. 
5.5 X X dP^ with maximal order 4 

Let us consider again the del Pezzo surface S2 of degree 4 embedded in P'' used 
in section 5.2 If we denote with g\ and h\ the automorphism of 5*1 = P^ x P^ 
such that 

5i((a;io : xn), (a;2o : 2:21)) = ((a;io : -^w)-, (2^20 : 

and 

hi_{{xxQ ■■ xii), {x2o ■■ X21)) = {{xii : xio), {x2i : 2:20)), 
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we obtain the relation g\ — h\— gihig^ ^h^^ = Id that is < 51, hi >~ Z2 ® Z2. 
The same holds for the automorphism 92 and h2 of 5*2 such that 

52((2/o : yi : 1/2 : : 2/4)) = ivo ■ Vi ■ -y2 ■ Vs ■ -^4) 

and 

h2{{yo -yi ■y2-y3- ^4)) = (yo : yi : -y2 : -ys : y4)- 

Denote hy g = gi x 172 and h ~ hi x h2', hence we have G :—< 5, h >~ Z2 ffi Z2. 



We recall (see Section 5.2) that if a and b are fixed roots of 2z^ + 1 + i and 
2^2 + 1-1 then 

Fix(g2) = {(1 : ±a : : ±6 : 0)} 
Fix(/i2) = {(±a : ±6 : : : 1)} 

and 

Fix(52/i2) = {(±6:l:±a:0:0)}. 

It is easy to see that |Fix(a)| = 4 for each a E< gi,hi > \ {Id} and, conse- 
quently, that I Fix(G)| = 48. 

Analogously to the previous cases, we can conclude that there exists a smooth 
Calabi-Yau threefold Y C X and a group G ~ Z2 © Z2 acting freely on it. The 
quotient has the following Hodge diamond 



13 13 



1. 



Hence the height of the quotient is 18. 



5.6 Other similar examples 

For brevity we don't treat explicitly some examples. These are some threefolds 
in P2 X dPe^V^ X dPs, (P^ x P^) x dPe and dPe x dPi. The threefolds in P^ x dPe 
and in P^ x dP^ admit a free action of Z3 (in both cases M{Si, S2) ~ 3). The 
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quotients have Hodge diamonds respectively: 

1 1 



3 4 

1 21 21 1 and 1 13 13 1 

3 4 



1 1 

These are threefolds with minimal height. The threefolds in (P^ x P^) x dPg and 
in dP4 X dPg admit a free action of Z2 (again this hits the maximum because 
M{Si, 5*2) = 2 for these two cases). The Hodge diamonds are 

1 1 


5 7 

1 29 29 1 and 1 19 19 1. 

5 7 



1 1 

6 Results of non-existence 

In this section we present some results of non-existence. In particular, we show 
that there are cases for which M {81,82) > 1 but a group G that fulfills our 
requests doesn't exist. 

6.1 dPs X S, with 5 G {P^ X P^, dP^, dPg, dP^, dPi} 

We will show that in these cases m{8i, 82, Y) ~ 1 for all Y. The key points are 



Corollary 6.2 and some structural results on Aut(dP8)- 



Lemma 6.1. // 8 is a del Pezzo surface and g G Aut(5) is such that o[g) ~ p 
is prime, then g has a fixed point. 

Proof. Every del Pezzo surface 5 is a rational surface. Suppose that the fixed 
locus of g is empty. Recall that p is prime. Let G .—< g > he the group 
generated by g. Then Fix(G) is empty. In fact, for every n there exists m 
such that nm =p 1; this implies 

Fix(5")cFix((g"r)-Fix(5). 
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Therefore R := S/G is a smooth surface and R is rational. In particular Hi (i?) = 
{Id}. But this is not possible because S is simply connected, so Ili{R) ~ G 9^ 
{Id}. Hence, g must have at least one fixed point. □ 

Corollary 6.2. For every finite subgroup G of A\it{S), |Fix(G)| > 0. 

By every automorphism of a del Pezzo surface S of degree 8 comes from an 



automorphism of P that fixes the point R such that 5* = Bl 



Suppose 



S 7^ dPs- Then we search for a group G < Aut(dPs) x Aut(S'). We are interested 
in the cases S* S {P^ x V^,dP(i,dP4,dP2} for which M{dPs,S) is respectively 
16,2,4 and 2. It is then enough to show that there are not groups of order 
2 whose action is free on Y. Let g = (51,52) be an involution. By Corollary 
6.2 there exists a fixed point P of 52- The automorphism gi comes from an 
involution of P^, hence it has a line L of fixed points, therefore L x {P} is a line 
of fixed points for g. 



E S = dPs, then Aut(dP8''^) = Aut{dP8)''^ x Z2. Let G =< 5 > where 
9 — (51152)- Using the same result as above, we will have a surface of fixed 
points. Then, it suffices to analyze the case g — (51,52) o where r is the 
involution that switches the two copies of dPs- Then, by changing projective 
coordinates, we can assume that 



(51,52) = 



a 
6 
1 





5-1 





for some a, G 
fixed points. 



It is easy to see that {{ax : by : 0), {x : y : 0)) is a line of 



In conclusion, we have shown that m{dP%, S,Y) = 1 for a del Pezzo surface S 
(here we have checked all the cases for which M{dPs,S) 7^ 1) and for all Y 
Calabi-Yau embedded in dPs x S. 



6.2 dP-j X dPi with estimated maximal order 7 

There is only one del Pezzo surface S of degree 7. It is given as the blow-up of 
P2 in Fo = (1 : : 0) and Pi = (0 : 1 : 0). We wiU show that there does not exist 
a section s of —Kg-^s such that g*s — cs for some c G C* and 5 G Aut(5' x S) 
of order 7 which doesn't intersect the fixed locus of < 5 >. 



By [7], every automorphism of a del Pezzo surface of degree 7 comes from an 
element of PGL{3) fixing the set {Po,Pi}. Thus, wc have 



Aut(S') 



" 1 





b ' 




" 


1 


" 





a 


c 




1 














d 










1 



Recall that Aut(5 x S) ^ Aut(S')^2 
to choose an element of the form 5 = 



X Z2. Since we need 5 of order 7, we have 
— (51 J 52)7 where gi G Aut(S') and 

10b,' 
Oi Ci 
di 
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After a change of projective coordinates that fixes the points Pq and Pi, we may 
assume 6j = Cj = so that gi is in diagonal form. The condition o{g) = 7 gives 
aj = dj = 1. Since we need a finite number of fixed points, we must impose 
tti ^1 ^ di and a, ^ dj. 

In conclusion, we can take g of the form 



1 










" 1 
















X 





























where A = e^'^'/'' and ^ ni,mi and ^ rrii. 

The fixed points of gi as an automorphism of are Pq, Pi and P2, whereas the 
fixed points of gt as an automorphism of S are 

{(Po, Q), {Pi,Q), P2 I Q e {(1 : 0), (0 : 1)}} . 

Here, for example, with ((0:1: 0), (1 : 0)) wc mean the point (1 : 0) on the 
exceptional divisor Ei = 7r^^(Pi), where wc use the standard local description 



of S* in a neighbourhood of Ei as the surface of ( 



such that um = vl with 



{((0, 0), {I : m))} — El. Hence, in total, G :=< g > has 25 fixed points. 
We blow up in Pq and Pi. Then, the following isomorphism holds: 

The correspondence is given by taking the strict transform of a polynomial see 

as a global section of Op2xp2(3, 3). We call the elements of the base on the 
first del Pezzo surface and fi the elements of the base on the second one so that, 
by the Kiinneth formula, we obtain 

H''{SxS,-Ks^s)-<e,<E>fj> . 

Suppose that s is an eigenvector of H'^{S x S,—Ksxs) and that s(P) ^ for 
all P fixed points of G. Then, for example, 

s(((l:0:0),(l:0)),((l:0:0),(l:0)))^0 

if and only if s belongs to the eigenspace of x^xiUqIji and 

s(((l:0:0),(l:0)),((l:0:0),(0:l)))^0 

if and only if s is in the eigenspace of XQXiyQy2- But these two eigenvectors have 
corresponding eigenvalues A™i+'"^ and A™!"*""^ and these numbers are different 
if and only if 1712 7^ n2, which it is true by hypotesis. This means that s must 
be zero and we have a contradiction. 

Albeit M (dP-j , dP'j) = 7, this shows that an automorphism of S x S with finite 
order cannot act freely on a smooth section of —KsxS- 
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6.3 dP^ X dP^ with estimated maximal order 9 



In this case recall that M{dP3,dPQ) — 9. Nonetheless, the maximum order of 
G to have a free action on a Calabi-Yau threefold Y embedded in X is 3. We 
will also give an example for which m{dPQ, dP^, Y) ^ 3. 

Suppose that G < Aut(dP6) x Aut((iP3) has order 9. Then either G ~ Zg or 
G ~ Z3 X Z3. First, we will show that if G ~ Zg then G must have a fixed 
curve and so it can't satisfy our assumption on G. Next, we will deal with 
the case G ~ Z3 x Z3. We'll first find all the groups whose fixed locus is finite. 
Essentially, this will be done by projecting G on Aut{dPQ) and A\it{dP3) so that 
the projections Gi and G2 satisfy Gi ~ G2 — G ~ Z3 x Z3. There is only one 
useful choice for G2 =< 32 j ^2 > whereas there are infinitely many possibilities 
for Gi, which are parametrized by (C*)^. Once we fix Gi :=< u,v >, we will 
consider all the possible G's such that the projection of G on Aut(dP3) and 
Aut(dP6) are Gi and G2, respectively. This will be done by choosing all the 
possible pairs (gi, /ii), not necessarily equal to {u, v), that generate Gi. We thus 
consider the group G ;=< 5, h >, where g = gi x 52 and h = hi x /12. For every 
case we have checked that all the sections of H'^{X, —Kx) that are eigenvectors 
of both g* and h* are zero on a fixed point of the group G (we will show an 
explicit calculation for one of the cases). 

Suppose that G ~ Zg and consider its projection Gi on Aut((iP3). Necessarily, 
Gi ~ G. On the contrary, if G =< gi x 32 > with g\ = Id, G would have 
infinitely many fixed points. Hence Gi has to be a group isomorphic to Zg in 
Aut((iP3). If is a smooth cubic surface in and if gi G Aut(S') has order 9 
then, by 7J, there exist a projective automorphism of P'^ such that 



V{xl + x\xq + x\x2 + XqXi), 



V 



10 

a* 

a 





where a satisfies a!^ ^ \ — aP . On the other hand, we have 



9l 



1 









Hence Fix(< gi >) contains a curve G. This means that, by Corollary 6.2 
have a fixed curve in Fix(G), which contradicts our assumptions. 



we 



Suppose, now, that G ~ Z3 x Z3 < AuiidP^) x AuildP^) and consider the 
projection G2 on Aut(c?P3) so that G2 — G. Fix two generators g2,h2 of G2 
and consider dPj ~ V{f) C P"^. By 7], if V{f) is a smooth cubic and G ~ 
Z3 X Z3 < Aut(y(/)), we can change coordinates to obtain f = J2yi- this 
case Aut(T^(/)) ~ Z3 k S4, where each Z3 acts as multiplication of a variable 
by a'^ (we write the elements in Z3 as (1, a''\a^^,a''-^)) and 5*4 = Sym(0, 1,2,3) 
is generated by the permutation of the variables. By requiring |Fix(G2)| < 00 
we obtain G2 < Z|. There is only one group isomorphic to G2 in Z3 that has a 
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finite number of fixed points on V{f) and it is < g2, > wliere g2 = (1, 1, a, a^) 
and /i2 = {1, a, , a^). Wc call T//^-* the maximal subspace of H'^(dP^,—KdPr^) 

such that 52 (■s) = and /i2(.s) = for every s G 1^ j • This vector space is 
the intersection of the eigenspaccs A^i of 52 and K'^ . of /12 relative to . The 
following table summarizes the situation providing generators for these spaces. 



52\/i2 


A'l 


a; 


A' 2 


Ai 


xo 






Aa 












a;2 


2:3 



Now, consider the projection Gi of G on Aut((iP6) = (S's x Z2) k (C*)^. Any 
element of order 3 can bo written in the form diag(l,6, c) o (123)'^ for some 
fixed 6, c e C* and k = 0,1,2. Easy arguments show that Gi cannot satisfy 
G\ < (C*)^ (if it happens, one has | Fix(Gi)| = 00) and that Gi has exactly two 
non-trivial elements in (C*)^. These are diag(l, a, a^) and its inverse. Moreover, 
these two elements commute with every element of the form (1,6, c) o (123)'^, 
thus every subgroup of Ani{dPQ) isomorphic to Z3 x Z3 and with a finite number 
of fixed points can be written in the form <u,v > where 

u = diag(l : a : a^) and v = diag(l : 6 : c) o (123) 

for some fixed b,cGC*. We define d to be a fixed third root of be. Set 



Fo 


=a;ioa;2o, 


1 1 
-a:iiX22 + -X12X20, 

c 

1 b 


Fi 


=xioa;2i + 


F2 


=a;ioa;22 + 


-xnX2o + -a;i2a;2o, 
c c 


Fa 




a 


=a;ioa;2i + 


— X11X22 + -2:12X20, 
c 




=0:10X22 + 


ab 


F4 


— X11X20 H 2:12X20 

c c 


F5 




a 


=xioa;2i + 


-X11X22 H 2:12X20, 

b c 


Fe 




a a^h 


=a;ioa;22 + 


-X11X20 H X12X20 

c c 



Then Fj is an eigenvector of both u and v and the corresponding eigenvalues 
are the ones in the following table: 



u\v 


Ai 


K 


Aa2 


Ai 


Fo 


F2 


Fi 


A„ 




Fi 


F3 


Aa2 




Fe 


F5 



This shows that {Fj} form a base for H^{dPe,—Kdp^). The following are the 
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fixed points of the elements of Gi and G2: 



Element 


Fixed points (fc = 0, 1, 2) 


u, 


((1:0:0), (0: 
((0:1:0),(1: 
((0:0:1),(1 


1:0)),((1 
0:0)),((0 
0:0)),((0 


:0:0),(0:0: 1)), 
: 1:0), (0:0:1)), 
:0:1), (0:1:0)) 


9 

V. (■- 


((1 


da'' 


:-;^\(l: 


J. 


{da'-)-' 




((1 


da!' 


• ba ■ 


1 


ba \ 




((1 


da^ 


. (da")' n . 
• 6a2 ' y^ ■ 


1 


ba'' \ 
(da'')^) 



Element 


Fixed points (/e = 0, 1, 2) 


92,92 


(1 : -a*' : : 0) 


h2, hi 


(0:0:1: -a'') 


52/12, ffi/i2 


(1 


: : -a'' : 0),(0 : 1 : : -a*^) 


52/12,52/12 


(1 


: : : -a"), {Q : I : -a" : 0) 



Suppose 51 = u. Let hi be any element of Gi such that Gi =< g\,h\ > and 
denote Qi = ((1 : : 0), (0:1: 0)) and Q2 = ((1 : : 0), (0:0: 1)). Then 

Pi :=((1:0:0),(0:1:0),(1: -1:0:0)) 

and 

P2:=((l:0:0),(0:0:l),(l: -1:0:0)) 
are fixed points of 5 = 51 x 92- Suppose that 

is a section such that 9*{s) = a'^^s and that s{Pj) ^ 0. Then 
s(Pi) = X (ai,o - ai,i)Pi(Qi) ^ 

i=2,4,6 

and 

s{P2)= Ko - ai,i)fi(<32) ^ 0. 

1=1,3,5 

This means that at least one between XiFj with z = 0, 1 and j = 2, 4, 6 has a non 
zero coefficient and the same is true for XiFj with i = 0, 1 and j = 1, 3, 5. But, 
if I = 0,1, g*{xiFj) — o^XiFj if j = 2,4,6 and g*{xiFj) = aa;iPj if j = 1,3,5. 
Then each eigenvector of g is zero if evaluated in Pi or in P2 . 

The same result is true for every other case: we have checked that, for every 
6, c € (C*), for every choice of gi, hi generators of Gi =< u, v >, every section 
of H^(X,—Kx) that is an eigenvector of both g and h where g = 91 y. 92 
and ft, = /ii X ft,2 is zero on at least one fixed point of G =< g^h >. In 
conclusion the restriction of the action of a group G < Aut((iP6) x KvLt{dP^) 
of order 9 to a Calabi-Yau threefold Y C dP^ x dP^ cannot be free. Hence 
m(dP6, dPs, Y) < M{Si,S2) = 9 for every Y. 
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We have obtained m{dPe, dP^jY) < 3 for all Y. We now give an example such 
that m{dP6,dP3,Y) = 3. Take dPs to be the Fermat surface in P^. Call gi the 
automorphism of dPg such that Xij i-^ and 52 the authomorphism 

" 1 " 
10 

u; 
a;2 _ 

of dPs. Notice that the minimum for the number of fixed points for an auto- 
morphism of order 3 in Aut{dPQ) x Aut(dP3) is achieved by g = gi x 32- The 
dimension of H^{X, —Kx)'^, where G =< g >, is 10. It can be shown that the 
base locus for \H°{X, —Kx)'^\ has only 9 points and that these are 

((1 : : w^i), (1 : . . q . . 

with < i,j < 2. By direct inspection, the generic invariant section s is smooth 
at these points and does not intersect the fixed locus, so, by Bertini's Theorem, 
there exists a Calabi-Yau Y embedded in dPg x dP^ and a group G ~ Z3 acting 
freely on Y. The Hodge diamond for Y/G is 

1 


5 

1 11 11 1 
5 


1 

and it's height is 16, that is the minimum for the height. 

7 On the Relation between Aut(5'i) x Aut(S'2) and 
Aut(5i X ^2) 

Let X be a projective complex manifold. We will denote by NE(X) the cone of 

effective curves of X. An extremal subcone V of NE(X) is a closed convex cone 
such that for every v,w & NE(X) ii v + w & V then v,w £ V. An extremal 
ray is an extremal subcone of dimension 1. For every D divisor on X a subcone 
V C NE(X) is said to be £>— negative if for every v E V one has v ■ D < 0. 
The Contraction Theorem says that for every extremal iiTx-negative subcone V 
of NE(X) the contraction cy of V is well defined, that is to say, a morphism 
cv ■ X ^ W with connected fibers such that is a normal variety. Moreover, 
a curve in X is contracted if and only if is numerically equivalent to a curve in V 
and the Picard number p{W) is equal to p{X) — dim(< V >). For a morphism 
/ we recall that NE(/) is given by the intersection NE(X) H ker(/*), where /, 
is the map induced by / on the vector space spanned by NE(X). 



29 



If € Aut(S'i X S2) wc will write 4>{x,y) = {(pi{x,y),^2{x,y)) where (pi = iTiOcj) 
where tt, is the projection of Si x ^2 on Si. 

Lemma 7.1. Let Si and S2 be two del Pezzo surfaces and let (j) € Aut(S'i x 
5*2) Let TTi be the projection from Si x 5*2 onto the i-th factor Si for i = 1,2. 

If <j),iNE{TTi)) = NE(7r,), then (j){x,y) = {Mx),My)) '"'here 0, G Aut(5,). 
//(/)* switches the cones NE(7ri) and NE(7r2), then Si = S2 and (j){x,y) = 
(01 (y), 02 (a;)) with 0i € Bihol(S'2, S*!) and 02 € Bihol(5i, 52). 

Proof. Assume 0*(NE(7ri)) = NE(7ri). Fix xi,X2 G 5*1 and take two distinct 
irreducible curves Ci and C2 on whose intersection is non empty and such 
that Xi G Ci. We have 

<j){C^ X y) ^ D, X y, 

because the image of Cj x y is a curve that is numerically equivalent to a curve 
in NE(7r2). But C\Xy and C2 x y are two curves with nonempty intersection so 
their images have nonempty intersection. In particular yi = y2 and this implies 
that (p2{x,y) = 4'2{y)- The same argument works with the first component 
{(f)i{x,y) = 01 (a;)) and with 0~^ meaning that 0i is an automorphism of 5,. 

With the same method, if 0* switches the two cones, one has 

0(a;,y) = (0i(y), 02(a:)) 
and that 0j are biholomorphism thus Si = 82- □ 

Lemma 7.2. Let Si and S2 be two del Pezzo surfaces such that p{Si), p{S2) > 3. 
If p{Si) p{S2) then 

Aut(5i X S2) = Aut{Si) X Aut(52). 

The same holds if p{Si) = {S2) and Si ^82. Instead, if Si = S2 one has 

Aut(5i X S2) = (Aut(S'i) X Aut(52)) x Z2. 

Proof. Call X the product 5*1 x 6*2. Then X is a Fano fourfold and 

NE(A:) = NE(X) n NE(7ri,*) + NE(X) n NE(7r2,*). 

In particular, every extremal ray of X is generated by a curve of the type Pi x E2 
or El X P2, where Ei is a (—1)— curve on Si. Observe that the image V of an 
extremal subcone V by an automorphism is again an extremal subcone. In 
fact, ii V + w G V for some v,w G NE(X) then (j)~^{v) and 0~^(«;) are effective 
curves such that (pZ^i"^) +4'*^{'i^) = 4'*^{'^ + w) G ^- But if V is extremal both 
(l>Z^{v) and 0~-^(w) are in V. This implies that v and w are in V, so V also 
is extremal. This implies that induces a permutation of the extremal rays of 
X. 

Suppose that there exists an extremal curve E x Pi such that 4>*{Ei x P2) = 
Pi X E2. Then 0* maps the extremal ray V := [Ei x P2] to the extremal 
ray V := [Pi x £2]- The contractions cy and cy associated to the extremal 
subcones V and V are respectively pi x Id and Id xp2, where pi : Si Si 
are the blow up with exceptional divisor Ei. Observe that Si is smooth and 
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that the fibers of cv and cy have dimension or 1 and are connected. By 
construction a curve C is contracted by cy if and only (/)*C is contracted by 
Cy. These two facts imply that the map f : Si x S2 ^ Si x S2 such that 
f{P) = {cv o (j)){cy\P)) is well defined. 

Si X S2 Si X S2 



Si X S2 Si X S2 

Let's see that the map / is injective. Call Qi the point of Si such that p^^iQi) — 
Ei. If f{Qi X Ri) — f{Qi X R2) with Ri 7^ R2 then, to calculate the image 
of Qi X Ri we obtain first two disjoint curves in Si x S2 of the form Ei x Ri. 
Then these two are sent to two disjoint curves of the form Ti x E2 hy <j) and, 
at last, contracted to the same point by cyi. This implies that the fiber of this 
point with respect to cy contains two disjoint curves and, being connected, has 
to be at least of dimension 2. But we have seen that every fiber has dimension 
at most 1, so necessarily Ri = i?2. By construction / is also surjective and so 
it is a bijective map. 

The map / is a morphism because it is everywhere well defined and it is holo- 
morphic outside Qi x S'^ that has codimension 2 in 5*1 x S'2. Hence, by Hartogs' 
Theorem, it is holomorphic on 5*1 x 5*2. This is enought to conclude that / is 
an isomorphism. This implies 

x{SixS2)^x{SixS2); 

but x{Si) — x{Si) — 1 because bi{Si) — bi{Si) — 1 and hence, by the multiplica- 
tivity of Xi "^6 have 

ixiSi) ~ l)x{S2) ^ xiSi){x{S2) - I) 

and x(5'i) = x{S2)- But this contraddicts the hypothesis p{Si) 7^ p{S2)', hence 
the image oi E x Pi by 0* has to be of the same type. This implies that 
4>^ NE(7rj) = NE(7rj) and this is sufficient to conclude that can be written as 
a product of two automorphisms by Lemma |7.1[ 



Suppose, now, that p{Si) = p{S2) > 3. Fix a blow-up model for Si. Then the 
(—1)— curves on Si are either Eij, and are contracted to points by the model, 
or are sent to curves (lines, conies {p{Si) > 5) and cubics {p{Si) > 7)). If, for 
all J, the image of Eij x P belongs to [Q x E] for some (—1)— curve E that 
depends on j, then the same holds true for the other exceptional curves of the 
same type: (p{Ei x P) E [Q x E] for some E depending on Ei. Thus, saying 
that there exist two exceptional curves Ei x P such that (f){Ei x P) E [Q x E] 
and (f>{Ei x P) E [E' x Q] is equivalent to requiring that there are two indices 
(for examples j = 1 and j = 2) such that 

<P{Eii xP)e[Qx E2] and (l){Ei2 x P) E [Ei x Q]. 

Suppose, then, that this could happen. Then, as in the previous case, we can 
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construct a commutative diagram 



Si X ^2 — ^ Si X S2 



Si X 5*2 ^ 5*1 X tS'2 

where cy — r x Id and cy ^ pi x p2 where r : Si Si is the contraction 
of two £^11 = r~^(i?i) and i?i2 = r^^{R2) whereas pi and p2 are the blow-up 
with exceptional divisor respectively Ei and E2 ■ Note that the cone V spanned 
by Ell X P and i?i2 x P is an extremal subcone because for a >> 0, L := 
0{{aH - Ell ~ E12) X 5*2) is a nef Hue bundle such that V = NE(S'i x S2) n L-^. 
This implies that its image V is extremal. Again, the construction of / make 
sense because cy contracts a curve if and only if cy contracts its preimage and 
because all the fibers of cv are connected and have at most dimension one. 

Assume x Qi) — f{Ri x Q2)- The fibers En x Qi are mapped to two 

disjoint curves of the form Qi x E2 and then contracted to the same point. Then 
the fiber S of this point has dimension at least 2 (exactly 2 by construction) and 
contains Qi x E2- Recall that ~Kx^^ ■— D' is ample so it intersects Qi x E2. D' 
is then an effective curve that is contracted to a point by cy so its preimage D 
intersects En x Qi and is contracted by cy. Hence Qi = Q2- In a similar way 
we dealt with the other cases and prove that / is injective. By construction, / 
is also surjective and hence bijective. 

Again / is a map that is holomorphic outisde two disjoint smooth subvariety of 
Si X 5*2 whose codimension is 2. Thus, by Hartogs' Theorem, / is everywhere 
holomorphic. Then / is an isomorphism but checking the equality of the Euler 
numbers one obtain 

2 + p{S2) - 2 + p{Si) = x(Si) = x{S2) + 1 = 3 + p{S2) 

and then again a contradiction. Hence the two types of extremal rays cannot 
be mixed by cf). There are two cases: the first corresponding to the case for 
which V0 S Aut(S'), NE(7ri) = NE(7ri) and the second where there exists 



4> € Aut(Ar) that switches the two cones. By Lemma 7.1 in the first case 
Aut(S'i X 52) = Aut(S'i) X Aut(S'2) and Si 7^ ^2 whereas, in the second, we 
have Si = S2 and Aut(S'i x 5-2) = Aut(S'i)><2 k Z2. □ 

Lemma 7.3. Let Si and S2 be two del Pezzo surfaces with p{Si) < 2 and 
p{S2) > 3. Then Aut(5'i x 5*2) = Aut(5'i) x Aut(S'2). 

Proof. There are three cases: p{Si) — 1 with Si — and p{Si) = 2 with 
S-i pi X pi or Si = dPs. 

If 5*1 — P^ and (f> G Aut(X), fix a point s G S and consider the map obtained as 
composition of the inclusion P^ ~ P^ x {s} C P^ x 5*2, (f) and the projection on S. 
The resulting map /3s cannot be a dominant morphism because, in this case, P^ 
would have divisors with negative self-intersectiorj^ Moreover its image cannot 

^The puUback D of a (— 1)— line E for example. 
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have dimension greater than 0; in fact, every surjcctive map — > C induces 
a surjective map — > P^ but this cannot exist. Hence /3s(P^) is a point, or 
equivalently, doesn't depend on P. Hence 

(/.(P,s) = (a(P,s),/3(s)) 

and the same holds true for so (3 £ Aut(S'2) and, by a composition with 
Id we can restrict to the case /3 = Id. Consider now for a fixed s G S2 

the morphism : P^ — > P^. As before, its image cannot have dimension 1. If 
dim(Qs(P^)) = then ^(P^ x {s}) c PtxSa, and because (j) is an automorphism, 
we would obtain an isomorphism between P^ and a del Pezzo surface of Picard 
number strictly greater than 1 which is impossible. Hence is a dominant 
map. Suppose as{P) = as{Q). Then 

cPiP, s) = (a«(P), s) = K(Q), s) = <I>{Q, s) 

but (p is injective so P = Q and ag is also injective. This shows that as is an 
automorphism for every s and in particular we have a map f : s € S2 otg € 
PGL('S) = 5L(3)/Z3. Then / lifts to a map from S2 to SL{i) that is afJine and 
then / doesn't depend on s. So Aut(p2 x S) = Aut(p2) x Aut(6'2). 

If 5i = P^ X P^ then the extremal rays of X — Si x S2 are of the form [(Pi x 
P2) X E], [(Pi x pi) X Q] or [(Pi X P2) x Q] where E is a (-l)-curve on ^2. In 
particular ((Pi x P2) x i5) • (Kx) = — 1 whereas 

((Pi X Pi) xQ)-Kx = ((P' X P2) xQ)-Kx = -2. 

In particular, because extremal rays are permuted by every automorphism and 
because the intersection numbers are preserved, we have (?!)*(NE(7rj)) = NE(7rj) 
and then Aut(5'i x 52) = Aut(5'i) x Aut(S'2). 

If ^i = cZPg and p{S2) > 3 then the extremal rays are of the form [E x P2], [(-ff — 
E) X P2] and [Pi x E2] where E is the only (—1)— curve on Si and E2 is a 
(—1)— curve on 5*2. In particular —Kx ■ {{H — E) x P2) = 2 whereas for all 
the other extremal curves the intersection with —Kx is 1; hence 0* fixes this 
extremal ray. Assume that 0*([-B x P2]) = ([Pi x Ei]). Then, denoting V = 
M+ [EXP2] and V = 1R+ [Pi xEi],we obtain the following commutative diagram 



dPa 


XS2- 


-^dPs 


X S2 


Cv 







Cyl 






• 




P2 X 52 - 


— rfPg X §2 



where / is again an isomorphism. This gives x{S2) = 4 but p{S2) > 3 so we 
have a contradiction (4 = xiS2) > 5). Thus NE(5j) = 0*(NE(5i)) and then 
Aut(S'i X S2) = Aut(5'i) X Aut(52). □ 

Lemma 7.4. Let Si and S2 be two del Pezzo surfaces such that p{Si),p{S2) < 3. 
Then: 

• IfSiy^ S2, Aut(S'i X S2) = Aut(5i) X Aut(S'2); 
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• // S*! = 52 7^ pi X V\ Aut(S'i X S2) = (Aut(S'i) x AutC^a)) x Z2; 

• //S*! = 52 = X P\, Aut(5i X 52) - (Aut(pi)><4) IX 5-4. 

Proof. If /5(5i) < 3, Si is a smooth toric variety. For a complete simplicial toric 
variety the sequence 

1 ^ AutO(X) ^ Aut(X) ^ ^^^^ ^ 1 

is exact by a result of Cox (see [5]). We will see that this extension is a split 
extension in all our cases and hence Aut(X) can be seen as a semidirect product 
of Aut°(X) and "^nsl"^^ ■ The proof will be completed analysing the structure 
of these two groups. 

We call As, C =: Ni the fan of Si and denote with A5. (1) = {eo, . . . ,6^} 
the set of the rays of the fan. The following table summarizes the rays of the 
fans we need. 



5 


ei 


62 


63 


64 


65 


66 




[1,0] 


[0,1] 


[-1,-1] 








pi X pi 


[1,0] 


[0,1] 


[-1,0] 


[0,-1] 






dPs 


[1,0] 


[0,1] 


[-1,0] 


[-1,-1] 






dPj 


[1,0] 


[0,1] 


[-1,0] 


[0,-1] 


[-1,-1] 




dPe 


[1,0] 


[0,1] 


[-1,0] 


[0,-1] 


[-1,-1] 


[1,1] 



If A c = iV is the fan oiX, then A(l) = {As, x {[0, 0]}) U ({[0, 0]} x AsJ. 
Aut(A^, A) will denote the group of the automorphisms of the lattice N that 
fixes the fan A. By direct computation, we show that 

• If 5i ^ 52, Aut(iV, A) = Aut{Ni,As,) x Aut(Ar2, A5J; 

• If 5i =52 ^Pi xpi, Aut(iV,A) = (Aut(iVi,AsJ X Aut(7V2,AsJ) KZ2; 

• If 5i = 52 = Pi X pi, Aut(iV, A) = 54 X Zf. 

It is possible to associate a divisor Di to each G A(l) and we say than Ci ~ Cj 
iff Di and Dj are linearly equivalent. Call {A^} the partition of A(l) obtained 
by taking the quotient with respect to ~. Call S^i the pemutation group over 
A^. It is easy to see that this partition doesn't mix rays coming from different 
factors of the product so we can write 5^. or 5^. to mean a permutation group 
that acts on the first or on the second factor. Call H the quotient of Aut(A^, A) 
with respect to US a, = 115^. x 115^^. Then 

T( C ^ C u Aut(Afi,Asi) Aut(7V2,As ) 

• It 7^ A2, H - — nsl ^ — nsl ; 



If 5i = 52 7^ Pi X Pi, = ^"*|f"^^^^ X ^"*|fj-,'^^-^ ) X Z 



2, 



• If 5i = 52 = Pi X pi, H = ~ 54. 

Here a small summary of these groups. 
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s 


Ant{Ns,As) 




Aut{Ns,As)/USA, 


p2 


Syni(ei,e2,e3) 


Sym(ei,e2,e3) 


Id 


pi X pi 


< (13), (1234) > 


< (13), (24) > 


Z2 


dPs 


< (24) > 


< (24) > 


Id 




< (12)(34) > 


Id 


Z2 


dPe 


Sym(ei,e2,e5)x < - Id > 


Id 


S3XZ2 



To see that the sequence sphts, consider, for example, the case X = dP% x dPj 
for which _ff = ldxZ2=<cr>. This group is generated by the automorphism of 
the fan of dPy that switches the rays associated to the two exceptional divisors 
of dPj, thus a section of Aut(X) H is given by ct 1— >■ ^ where A is an 
automorphism of that switches the two points that are blown-up to obtain 
dP-j. Ah the other cases can be described in a similar way. 

Aut*'(Ar) is the connected component of the identity in Aut(Ar) and now we will 
show that Aut°(X) = Aut"(S'i) x Aut°(S'2). By a result of Cox (see again [5]) 



Aut"(A:) 



Aut,(5) 



Homz{V\c{X),<C*) 



where Autg(5) is the group of the automorphisms of the homogeneous coor- 
dinate ring S of X, regarded as graded C— algebra. This group is spanned 
by (C*)l^(i)l = (C*)I^Si(i)l+|As,(i)| j^^d by the elements y^{\) where A € 
C and m e R{N,A) (the elements of R{N,A) are the roots of Ant{X)). 
We show that each ym{^) can be written in a unique way as the product 
of fi € Aut g{Ri) where Ri is the coordinate ring of Si. This shows that 
Autg(5) ~ Autg(i?i) X Autg(i?2)- Thc group Homz{Pic{X),C*) splits as 
Homz{Pic{Si),C*) x ffomz(Pic(S'2), C*) because Pic(A:) = Pic(S'i) ® Pic(S'2). 
Then, the quotient can be viewed as a product of the quotient giving 

Aut°(X) = Aut°(S'i) X Aut°(S'2). 

The claim follows from the combination of the facts above. For example, con- 
sider again the case X = dPs x dP-j. Since Aut{dPs) is connected, we have 
Aut°{X) = Aut(dP8) X K, where 



K : 



1 * 
* * 
0* 



Since = Id XZ2, we obtain 

Aut(A:) ~ {Aut{dPs) X K) tK (Id XZ2) = 
AutidPs) X (i^ K Z2) = Aut(dP8) X Aut(dP7) 



□ 



Combining all these results, we obtain 

Theorem 7.5. Let Si and S2 be two del Pezzo surfaces. Then 



35 



• IfSiT^ S2, AutC^i X 52) = Aut(5i) X Aut(S'2); 

• IfSi = S2^f^x F\ Aut(S'><2) = Aut(5)><2 x Z2; 

• IfSi = S2=f^x F\ Aut((pi)><4) = Aut(pi)><4 X 54. 

8 List of the Threefolds Obtained 

In the previous sections we constructed examples of quotients of Calabi-Yau 

threefolds Y embedded in Si x S2 by groups that are of maximal order in the 
sense that a group H < Aut(S'i x S2) such that the restriction to Y gives a 
free action, cannot have greater order than the ones used. If F is a Calabi- 
Yau threefold and G is a group acting freely on Y the same holds true each 
H < G. Moreover Y/H — >■ Y/G is an etale covering. In the following table 
we summarize all the quotients analyzed and all the etale coverings obtained by 
taking quotient with respect to subgroups. Also the known examples are shown. 
The column m{\G\)/M represents the ratio of the maximal order of the existing 
group action freely on Y and the estimated (M = M{S-i, 82))- In the column 
Ili{Y/G) the fundamental group of the quotient is written. When for two 
isomorphic subgroups Hi and H2 of G we obtain h^^{Y/Hi) = h}^{Y/H2) and 
h^'^{Y/Hi) = h}'^{Y/H2) we represent them in the table in one row indicating 
that multiple subgroups give the same result by their number between round 
brackets. For example, taking Si = S2 = and G ~ Z3 © Z3 there are 4 
subgroups of order 3 and each of them gives a manifold with Hodge numbers 
(2,29). In the table this is summarized by writing ^3(4) in the column of 
TiiiY/H). In the last column a "F" means that the height obtained for the 
quotient threefold is the least possible, a "A''" means the opposite and a "?" 
means that we don't know if this is the case or not. The pairs {S\, S2) for which 
M{Si,S2) = 1 are omitted. 
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^1 


^2 


max(|G|)/Af 


\G\ 


Iii{Y/H) 






h 


min? 








9 




2 


11 


13 


Y 


p2 


p2 


9/9 


3 




2 


29 


31 


N 








1 




2 


83 


85 


N 


p2 




3/3 


3 




3 


21 


24 


Y 




1 




5 


59 


64 


N 


p2 


dP3 


3/3 


3 




4 


13 


17 


Y 




1 




8 


35 


43 


N 








16 




1 


5 


6 


Y 








8 


Z^ ffi Zo 


2 


10 


12 


N 








8 




1 


9 


10 


N 


pi ^ pi 


pi ^ pi 


16/16 


4 


Zo ffi Zo 


4 


20 


24 


N 








4 


Za(2) 


2 


18 


20 


N 








2 


ZofS) 


4 


36 


40 


N 








1 




4 


68 


72 


N 


pi ^ pi 




2/2 


2 


Zt 


5 


29 


34 


Y 


1 




6 


54 


60 


N 








12 


^12 


1 


4 


5 


Y 








6 


^6 


2 


8 


10 


N 


dPQ 




12/12 


4 


Z4 


3 


12 


15 


N 


3 




4 


16 


20 


N 








2 


Z2 


6 


24 


30 


N 








1 




8 


44 


52 


N 








12 


Dic^ 


1 


4 


5 


Y 








6 


Zr 


2 


8 


10 


N 


dPe 




12/12 


4 


Z4(3) 


3 


12 


15 


N 


3 


Z3 


4 


16 


20 


N 








2 


Z2 


6 


24 


30 


N 








1 


lldj 

L J 


8 


44 


52 


N 


dPe 


dPi 


2/2 


2 


Zo 


7 


19 


26 


? 


1 


lldj 


10 


34 


44 


N 


dPe 


dPz 


3/9 


3 




5 


11 


16 


Y 


1 


lldj 

L J 


11 


29 


40 


N 


dP5 


dP5 


5/5 


5 


Z5 


2 


7 


9 


Y 


1 


{Id} 


10 


35 


45 


N 








8 


Z4®Z2 


3 


5 


8 


? 








4 


ZaeZa 


6 


10 


16 


N 


dPi 


dPi 


8/8 


4 


^4(2) 


4 


8 


12 


N 








2 


Z2(3) 


8 


16 


24 


N 








1 


{Id} 


12 


28 


40 


N 


dPs 


dPs 


3/3 


3 


Z3 


6 


9 


15 


Y 


1 


{Id} 


14 


23 


37 


N 


pi ^ pi 






4 


ZaeZa 


5 


13 


18 


? 


dPi 


4/4 


2 


Z2(3) 


6 


22 


28 


N 








1 


{Id} 


8 


40 


48 


N 
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